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Abstract 

Fluctuations of the Chern-Simons gauge field in the composite Fermi liq- 
uid description of the half-filled Landau level are pair breaking in all angu- 
lar momentum channels. For short-range electron-electron interactions these 
fluctuations are sufficiently strong to drive any T = pairing transition first 
order. For Coulomb interactions these fluctuations are weaker and a contin- 
uous transition is possible. 
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There is strong experimental support |l| for the remarkable hypothesis that the two- 
dimensional electron gas at Landau- level filling fraction v — 1/2 can be viewed as a com- 
pressible 'metal' with a sharp Fermi surface ||. The initial formulation of this idea, based on 
the composite fermion theory of the fractional quantum Hall effect |j| , involved representing 
physical electrons by fermions, referred to in what follows as Chern-Simons (CS) fermions, 
bound to two quanta of fictitious, or CS, flux @,f|,f|. If this flux is chosen to point in the 
direction opposite to that of the physical magnetic field then, at the mean-field level, CS 
fermions at v — 1/2 see zero effective field and form a metallic state with a Fermi surface. 
Halperin, Lee, and Read (HLR) |2] developed a theoretical description of the resulting 'com- 
posite Fermi liquid' (CFL) by studying fluctuations about this mean-field state within the 
random-phase approximation (RPA). 

Unlike the CS theories used to describe incompressible fractional quantum Hall states 
HH, where the presence of an energy gap provides some justification for thinking that 
fluctuations are under control, the CFL is gapless, the fluctuations are large, and the degree 
to which the mean-field solution captures the essential physics is unclear. One question 
with important physical consequences is whether or not the mean-field Fermi surface is 
stable. Greiter, Wen, and Wilczek (GWW) [J7| have shown that the bare 'density- current' 
interaction between the flux attached to one CS fermion and the current of another CS 
fermion mediates an attractive pairing interaction in the p-wave channel. These authors 
argued further that the resulting paired state corresponds to the incompressible Pfaflian 
state originally proposed by Moore and Read ||. 

The fractional quantum Hall state at v = 5/2 provides experimental motivation for 
studying the stability of the CFL. Recent exact diagonalization calculations of Morf |T(J have 
shown the for the Coulomb interaction the half-filled first-excited Landau level at v — 5/2 
is spin polarized, even in the absence of Zeeman coupling. Morf further speculates that 
the observed collapse of this state in tilted fields |11[] is a consequence of the 'hardening' of 
the short-range part of the electron-electron interaction due to the 'pinching' of the lowest 
subband wave function of the two dimensional electron gas If this is the case then 



it is plausible that the incompressible state at small tilt is a Pfaffian, and the tilted field 



transition is from Pfaffian to CFL. Another scenario, advocated by Rezayi and Haldane [JT3 
is that for a pure system there is no transition — the CFL is always unstable to the Pfaffian 
- and the observed incompressible-compressible transition occurs when the gap becomes 
smaller than the characteristic decay width associated with the disorder. 

The analysis of GWW favors the latter scenario, that in the absence of disorder the CFL 
is always unstable to the formation of a paired quantum Hall state. It is the modest purpose 
of this paper to show that while this may in fact be the case it is not necessarily the case. 
If one goes beyond GWW and, following 0, computes the effective interaction between 
CS fermions within the RPA, the current- current interaction mediated by the transverse CS 
gauge fluctuations is more singular than the density- current interaction considered by GWW 
and is strongly pair breaking in all angular momentum channels. These fluctuations can, 
in principle, stabilize the CFL. In what follows it will be assumed, with the usual provisos 
regarding renormalization of the effective mass, that the HLR approach is qualitatively 
correct. The relevance of the present work to more recent theoretical formulations of the 



CFL [nj-|B3] will depend on the extent to which these theories resemble HLR, currently a 



matter of some controversy 



Consider a two dimensional electron gas, realized in the xy plane, in a perpendicular 
magnetic field B at filling factor v — 1/0, where <f> is an even integer. Taking h = c = 1 the 
magnetic field is B = 2ir <jm/e where n is the electron density. This system can be described 
by the Euclidean time action [Q] S = Jq <ir£o( r ) + <~>cs, where 
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and 



Scs = \Y.Y, a ^ UJ n)T>l v \q)a u (q,u n ). (2) 

H,v q,n 

Here iff is the CS fermion field, a and ai(q, cu n ) = z • (q x a(q, u n )) are the time and 
transverse components of the corresponding statistical gauge field, uj n = 2nir / (3 is a bosonic 



Matsubara frequency, A(r) = (z x r)B/2 is the physical vector potential describing the 
applied magnetic field, m is the band mass of the electrons, and 



V°(q) 



( v(q) i2-K(f)/q^ 



(3) 



—i2iT(f)/q 

is the 'bare' CS propagator where v(q) is the electron-electron interaction. Integrating out ao 
enforces the constraint V x a = TfliKpipip so that at the mean-field level (V x a) = z2TC(f)n = 
zeB. The CS gauge field then exactly cancels the physical magnetic field and the CS fermions 
form a Fermi liquid with Fermi wave vector kp = (2/0) 1/2 /^o where l = (l/eB) 1/2 is the 
magnetic length. 

The pairing instability discussed by GWW f7| is due to the bare 'statistical' interaction 
in the Cooper channel, 

Ok,k<) = ^„(,) = ^H (4) 

m m q 

where q = k — k'. A dimensionless coupling constant characterizing the strength of a 
given pairing interaction can be obtained by taking the Fermi-surface average in the /-wave 
channel, 

A(o>) = / V (kpit, k F (cos6'k + sin 9y), u>) exp(i6l)d8, (5) 

2ti Jo 

where the sign is chosen so that A is positive for an attractive interaction. Because the 
CS fermions are spinless I must be odd. For V® there is no frequency dependence and the 
result of this integral is A° = sgn(7)7r</> [21]. The interaction is attractive for positive I and 



repulsive for negative I, reflecting the fact that the pairing interaction is not time-reversal 
symmetric. 

The RPA expression for the CS gauge field propagator is obtained by integrating out 
the CS Fermi fields and expanding the resulting effective action to second order in the CS 
gauge fields with the result 

Srpa = ]-^^a^uj n )V~l(q,u n )a u (^uj n ). (6) 

fi,u q,n 



Here T> -1 = KP+T> Q 1 where /C°„ is the electromagnetic response function for non interacting 
electrons 0. For q < 2kp and uj <C kpq/m, /C[J ~ mjl-a and K\ x ~ — XdQ 2 — kp\uj\/4:irq, 
where Xd = (127rm) _1 is the Landau diamagnetic susceptibility. 

Within the RPA the screened density-current interaction in the static limit is 

vZ A W,u = o)= V ^; k \ (7) 

where x(q) = v (q , )/(27T0) 2 + (1 + 6/0 2 )/(127rm). Before proceeding it is interesting to 
study the dependence of the strength of this pairing interaction on the 'thickness' of the 
two dimensional electron gas. This can be done using the Stern-Howard potential for v(q) 
corresponding to subband wave function £(u>) = Awexp— bw/2 p2"| . In order to address 
the well known failure of the various CS theories to renormalize the bare mass m so that it 
is determined by v(q), the dependence of the energy gap of the v = 1/3 fractional quantum 
Hall state on the parameter f3 = (bio) -1 , computed variationally in |p3|| , has been used. The 
results of these calculations are well fit by the simple expression Ai/ 3 (/3) ~ 0. 1/(1+0. 7f3)e 2 /lo 
which, using the relation Ai/ 3 (/3) = eB e ff/mc = l/Zmll, gives the (3 dependent effective 
mass, m{pi) ~ (10 + 7/5)/(3e 2 /o)- Figure |l| shows the dependence of Aio(0) on the thickness 
parameter /3, computed using (§) with I = 1 and = 2, both with and without this mass 
renormalization. The effect of including the screened density-density interaction Voo(q, (jJ = 
0) = (f g +(27r0) 2 /(127rm))/(27rm0 2 x(<7)) through the corresponding coupling constant Aoo(0) 
is also shown. In all cases the effective p-wave pairing interaction grows with thickness. 

So far the current-current interaction between CS fermions mediated by the transverse 
CS gauge fluctuations has been ignored. In the Cooper channel this interaction is 

Vir A (k,k>») = (^) 2 V u (q,u; n ) * (liiiS) 2 1 . (8) 

\ m J \ m J x(m + (k F /2TT)\uj n \/q 

It is convenient to first consider the case of short-range electron-electron interactions. Taking 
v(q) ~ v (0) and evaluating (f|) gives 

A 11 K)~--f^V /3 K|- 1 /3 (9) 
m Vx(0W 



Because the divergence of An (a;) as uo — > comes from small q scattering of Cooper pairs 
it is independent of I. Note that this singularity is repulsive and hence pair breaking in all 
angular momentum channels. 

The effect of this singularity on the pairing instability of the CFL can be seen by con- 
sidering the following simplified T = BCS gap equation, 

ah = a r jj , A ^ - 7 r *j , AM (r^) vs ■ do) 

J -"o 2^u' 2 + \A(uj')\ 2 J -°° + \A(u')\ 2 Vl^-^l/ 

Here A and 7 are dimensionless coupling constants characterizing a nonsingular attractive 
interaction and a singular repulsive interaction and u is a characteristic energy scale (pre- 
sumably of order e 2 /Iq). Assuming that the uj dependence of A is weak, taking u = 0, and 
performing the integrals yields 

l^Alog^-C 7 (j|) (11) 

where C ~ 4.2. For small A, the second term which prevents pairing dominates. This term 
is present in all angular momentum channels suggesting that the CFL may be immune from 
the GWW instability, or, for that matter, any Kohn-Luttinger-type instability , at least 
for short-range electron-electron interactions. 

This analysis leaves out both self-energy effects and the self-consistent modification of 
the CS gauge field propagator, both of which may be important, particularly for the more 
physically relevant Coulomb interaction case for which the CS gauge fluctuations lead only 
to logarithmic singularities. An alternative approach which in principle includes these effects 
was introduced by Ubbens and Lee |25| in the context of the U(l) gauge-theory description 



of the t-J model. In this approach the free energy or, at T = 0, the condensation energy, is 
computed directly within the RPA as a function of the gap parameter. 

To apply the Ubbens-Lee analysis to the present problem it is necessary to 'probe' the 
CFL by introducing an Z-wave pairing interaction by hand. This interaction is taken to be 
of the usual separable form, 

Sbcs = -jrn 2 TkTk'V^k, fi„. + uj m )i/;(-k, -O n )^(k ; , VL n , + u m )tp(-k', -Q n >), (12) 

" m,n,n' k,k' 



where A is the area of the system, Q n = (2n + l)vr//? is a fermionic Matsubara fre- 
quency, 7fc = O(wo + efc)©(^o — e k) exp(z6'fc), = (/c 2 — k 2 F )/2m and 0& = axct&nk v /k x . 
The Hubbard-Stratonovich decomposition of the BCS interaction is accomplished by 



adding the term Shs = Y. m c(u! m )c(uj m ) to the action where c(u m ) = J A/3 /VoA(uj n ) + 



Vo/A/3J2n Sk7k^(k, Q n + ^m)V ; ( — k, — J7 n ) The CS fermion fields can then be in- 

tegrated out and, within the static approximation, A(u n ) = A 5 n , the resulting effective 
action can be expanded to second order in the CS gauge fields. Integrating out these fields 
and taking the T = limit then yields the RPA expression for the condensation energy per 
unit area, 

|A | 2 m f u o 

where 



E(A ) = i-^- - — / ( Ve 2 + | A | 2 - |e| ) de + E CS (A ) - E cs (0), (13) 



_ , . . 1 f°° duo r d 2 q , , _ i . . . , 

fe(A »> = 2 La? / (2^ lndet c <«■ A »>' (14) 

Here V^Aq) is the CS gauge field propagator obtained from the equation £> _1 (A ) = 
/C(A )+£>° where now /C M j,(A ) is the electromagnetic response function of the paired state 
calculated for fermions described by the Hamiltonian H = Y^k^k^^k + [Aq J2k Tk^lV'-k + 
H.c.]). To analyze (|l4j) it is useful to analytically continue to the real frequency axis, setting 
Dfj, v {q,v = i\u n \) = U^ u (q,u) and K^q.v = = K.fj, v (q,uj). The usual deformation of 
the imaginary frequency integration in (]14]) around the branch cut of the logarithm on the 
real axis then gives P,|25|| 



p /a \ [°°dv[(Pq _ 1 ImdetD 1 (q,u;A ) 

fe(Ao)= io 2^i(2^ tan RedetD-^;A ) - (15) 
In the paired state at T = there is no damping for frequencies v < 2|A | which implies 
that ImiToo(Ao) = ImKn(A ) = Reif i(A ) = ReK 10 (A ) = and thus Imdet D~ 1 (A ) = 
for v < 2|Ao|. Following Ecs(A ) — Ecs(fy can then be estimated by calculating the 
contributions of these frequencies to — Ecs(0) which are lost in the paired state [p^j . For 
the case of short-range electron-electron interactions, taking v(q) ~ v (0), this approximation 
gives 



. . . . > f 2 \ A o\ dv f d 2 q ! k F v ( k F \ 2/3 IA ,r /s . , 

E CS (A )-E CS (0)^1 -/^ta^^^-^J |A |V3. (16 ) 

For small A this term, which is consistent with the singular term appearing in (|TTD, will 
always dominate the condensation energy and prevent any continuous zero temperature 
pairing transition. Thus for short-range electron-electron interactions any pairing transition 
of the CFL will necessarily involve a discontinuous jump in Ao and so be first order. As 
pointed out in p5| , the appearance in E(A ) of a nonanalytic term in |A | 2 due to finite 
frequency gauge fluctuations is a quantum version of the fluctuation driven first-order tran- 



sition discussed by Halperin, Lubensky and Ma ||28|| . A similar effect, in which a continuous 
quantum Hall/insulator transition is driven first-order by a fluctuating CS gauge field, has 
been studied by Pryadko and Zhang p9j . 

If the same approximation is applied to the Coulomb interaction case it is necessary to 
cut off the momentum integration at 2kp and the result is 

^ ! /a \ i i / \ f 2 \ A °\ dv f 2k F qdq , kpS 2 v m c . . l9l 2k F e 2 

E cs A )-E cs (0 ~ / — / ^tan- 1 -^---^ A 2 l ni -^- (17) 

jo 2tc Jo 2tt e z q z In (p 2 Aq 

where m c = kp(f) 2 /27re 2 . For small A the condensation energy is then E(A ) ~ |A | 2 /Vo — 
((m — m c )/27r)|Ao| 2 ln(ciJo/|Ao|). If m — m c < pair-breaking dominates and any T = 
pairing transition will be first order. Alternatively, if m — m c > a continuous transition 
is possible and the CFL is unstable for arbitrarily weak Vq. It is interesting to note that 
according to the mass renormalization scheme discussed above m((3) — m c > for = 2 
suggesting that for v — 1/2 the CFL is unstable for Coulomb interactions, though it is 
unclear to what extent this result can be trusted. 

Because the CS contribution to the condensation energy is due to low-energy, long- 
wavelength fluctuations, it is unaffected by any softening of the short-range part of the 
electron-electron interaction. It follows that as the thickness parameter {3 increases both the 
effective mass m and Aio, and hence the tendency towards pairing, increase while the pair- 
breaking effects are essentially unchanged. Thus the CFL becomes less stable with increasing 



thickness, consistent with Morf's interpretation of the v = 5/2 tilted field experiments [lC 



as well as numerical studies of the half-filled Landau level [f7T, |10l , [13||30 . 

To summarize, the CS gauge fluctuations in the CFL description of the half-filled Landau 
level are strongly pair breaking in all angular momentum channels and so provide a hostile 
environment for the formation of Cooper pairs. For short-range electron-electron interac- 
tions these fluctuations are sufficiently strong to drive any T = pairing transition of the 
CFL first-order. For Coulomb interactions these fluctuations are weaker and, depending on 
details, a continuous transition may be possible. To the extent that more recent formula- 
tions of the CFL contain both a pairing interaction |l5j and a U(l) gauge field fi~8H20| the 
conclusions of this paper should still be relevant. 
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by DOE grant No. DE-FG02-97ER45639 and the Alfred P. Sloan Foundation. 
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FIG. 1. Coupling constant characterizing the strength of the p-wave pairing interaction vs. 
thickness parameter (3. Results are given with (solid) and without (dashed) the mass renormaliza- 
tion discussed in the text, as well as with both the mass renormalization and the screened Coulomb 
repulsion (dot-dashed). In all cases the interaction grows stronger as the thickness is increased. 
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